The geometric measure of entanglement is the distance or angle between an entangled target state and the nearest unentangled state. Often one considers the geometric measure of entanglement for highly symmetric entangled states because it simplifies the calculations and allows for analytic solutions. Although some symmetry is required in order to deal with large numbers of qubits, we are able to loosen some of the restrictions on the highly symmetric states considered previously, and consider several generalizations of the coefficients of both target and unentangled states. By relaxing some of the symmetry assumptions, we can compute the geometric entanglement measure for larger and more relevant classes of states.
I. INTRODUCTION
In order to quantify entanglement, one can consider the distance between a target entangled pure state |ψ and the closest separable state |φ : D = |||φ − |ψ ||. This geometric measure of entanglement was first introduced in [1] . An equivalent approach is to measure the angle θ between the state |ψ and the closest separable state |φ [2] . The closest separable state is not necessarily unique.
In [3, 4] , the authors considered the case where the closest separable state was unnormalized rather than normalized, which simplifies calculations in some cases. It is possible to show in some generality [3, 5] that the normalized and unnormalized closest separable states found by these methods lie along the same ray in Hilbert space. The two methods therefore yield the same angle and the corresponding distance measures are related by a simple geometrical formula. The choice of which entanglement measure to use therefore comes down to calculational convenience akin to a choice of parametrization.
In a number of papers (see, e.g. [2] [3] [4] ), it was assumed that if the target state exhibits strong symmetry, then the closest separable state must exhibit the same symmetry. Several results were found using normalized separable states: in [6] it was proven that at least one of the closest symmetric states mirrors the same symmetry as the target state; the special case in which the target state has all non-negative coefficients was studied independently in [7, 8] ; the fact that the closest separable state to a symmetric target entangled state necessarily has the same symmetry was proven in [9] . In this work we will therefore use symmetry of the closest separable state as an ansatz.
The GHZ, W, and Dicke states are highly symmetric states that are frequently studied in the literature. The symmetry of these states allowed the authors of [3, 4] to find analytic solutions for their geometric measure of entanglement. In the following, we consider several generalizations of the coefficients of the target and unentangled states. For one thing, we allow the coefficients of the separable states to be complex. More significantly, we look at two types of target states: First, we consider a target state that is a mixture of Dickie states with different numbers of spin-up qubits. This provides a many-parameter family of target states for which the geometrical entanglement can be calculated in a straightforward way using a combination of analytic and numerical techniques. Second, we consider target states that are invariant under interchange of any pair of even qubits and/or odd qubits. Our results generalize work done in [2] [3] [4] and shed light on some of the counterexamples that arise in [9] .
The paper is organized as follows: the next Section establishes our notation, while Section III presents a detailed analysis of the linear combinations of Dicke states. Section IV studies target states that are invariant under the interchange of a pair of even and/or odd qubits.
Finally, Section V closes with some conclusions and prospects for further work.
II. NOTATION
We begin by defining our notation, following Refs. [3, 4] . We consider a multipartite system H = H A ⊗ H B ⊗ H C ⊗ · · · ofubits. The subsystems are labelled A, B, C, . . . to represent the different parties Alice, Bob, Charlie, . . . The subsystems have dimension u, v, w, . . . such that n = u · v · w · · · . We fix an arbitrary set of basis states |i for system A, |j for system B, |k for system C, etc. Using this notation we write:
We consider an arbitrary normalized entangled pure state |ψ written:
We also consider a product state |φ ′ which is not necessarily normalized and can be written:
The distance between the states |ψ and |φ ′ can be written generally:
If we consider a system of spin 1/2 qubits, we can divide the Hilbert space of dimension n = 2 q into q spaces, each of dimension 2. We consider only real target states, but the coefficients of the separable state can be complex. This differs from some of the examples in [9] where the authors take the target state |ψ to be real and consider minimizing D over all real product vectors. The components of the product state in (3) can be written
  and similarly for |B , |C , . . .
For a system of q spin 1/2 qubits, the target state has the general form,
In [3, 4] the authors considered target states that are symmetric under the interchange of any two qubits. The most general example they studied was the q-qubit spin 1/2 Dicke state which contains all possible combinations of p entries of "1" and q − p entries of "0":
where ℓ P ℓ {·} denotes the sum over all possible permutations. The W state is the q-qubit state of the form
which corresponds to a Dicke state with p = 1.
III. MIXTURES OF DICKIE STATES
A. Distance Measure
We consider a target state that is a mixture of Dickie states with different numbers of spin-up qubits
Substituting (3), (6) and (10) into the distance measure (5) withã 1 = a 1 andã 2 = e iθa a 2 ,
we obtain
We define
and the distance measure becomes
We will consider real target states that are symmetric under the interchange of any two qubits, and therefore we use the ansatz that the product state has the same symmetry, which means
When we contract |D p with the product state we obtain
where the first combinatoric factor comes from the number of non-zero terms in the contraction, and the second is the normalization of the Dickie state. Absorbing all the combinatoric factors into the definition of the f 's, we can write
We now rewrite the variables {a 1 , a 2 } in terms of two different variables {N, r} using
Since either a 1 or a 2 could be zero, we will consider the cases r = 0 and r → ∞ separately in section III E. We take θ and Θ from 0 to 2π and therefore we can assume without loss of generality that a 1 , a 2 and r are positive. Using this notation we have
We define real and imaginary combinations of the variables {z, Z} as,
where Θ = (Θ a + Θ b + · · · ). We further write the real quantities
where m is taken to be a non-negative integer, and we define p m | m=0 = 1 for all p (including
Using this notation, the distance measure is
We want to minimize this distance. To find extrema, we take derivatives with respect to {N, r, θ, Θ} and solve the four equations simultaneously. To identify the minima, we look at the Hessian.
B. Extremal Equations
We use the relations:
This gives the following equations of motion determining the location of the extrema:
The solution N = 0 always exists, but corresponds to a maximum, so we consider N > 0.
Both N and r are always real, and we can therefore remove an overall factor of
(1+r 2 ) q/2 from (33 -36) since it cannot affect the solutions (the case r → ∞ is discussed in section III E).
We rewrite the resulting equations:
Note that lim r→0
From (25) it is clear that (39, 40) give z, Z ∈ {±1} if the number of non-zero f p 's is less than or equal to two, which justifies the ansatz of [3, 4] . Substituting (37) into (26) we find that the minimal solution is:
which also agrees with the result of [3, 4] .
C. Comparison of normalized and unnormalized distances
In the present case one can explicitly verify the equivalence between using normalized and unnormalized separable states to define the geometrical entanglement. From (5) the distance measures for unnormalized and normalized product states can be written
where θ c is defined as
The equations of motion give
which is independent of N. The three equations from the r, z and Z derivatives have an overall factor
Assuming for the moment that F = 0 we can remove this factor and obtain three equations that are independent of N. Solving for {r, z, Z} gives some solution {r 0 , z 0 , Z 0 }, which
gives from (43) a critical angle, which gives from (42) two different distances with a definite relation between them. The conclusion, for F = 0, is that the geometric entanglement measures using either unnormalized or normalized product states, are equivalent.
Now we discuss the possibility that the factor F = 0. If N = 0 the unnormalized distance is maximum, so this cannot correspond to the closest state. In section III E we consider the special cases r = 0 and r → ∞.
D. The Hessian
We can use the Hessian to determine if the extremal solutions are minima or maxima.
The Hessian is a 2q × 2q matrix of second derivatives of the distance functions with respect to the parameters {N, r, z, Z . . . }, evaluated at a given extremum. For the extremum to be a local minimum, all eigenvalues of the Hessian must be positive, apart from the zero eigenvalues associated with the symmetries of the system. The Hessian cannot determine if a given solution is a local or global minimum. The Hessian for our situation is given below, with the order of components {N, r, θ, Θ}, and the definition R = 1 + r 2 .
(47)
The matrix is sufficiently sparce that we can find all the eigenvalues explicitly. The characteristic equation is:
which gives:
The last two eigenvalues are positive if D(C − X) > W 2 .
E. Special cases: r = 0 and r → ∞ These values of r are at the edge of the parameter space so they could give a smallest distance which is not extremal. However, we can find the corresponding distances analytically using (26). For r = 0 the distance is: For r → ∞ the distance is:
In the same way as for the r = 0 case we obtain the following results. We cannot have 
F. Numerical testing
The equations of motion cannot be solved analytically except in special cases, but we can solve them numerically. We consider only target states with three or more non-zero f 's where complex solutions can exist. We used q = 4 and tried random f -vectors: . In all cases for which there is a zero eigenvalue, the minimal solution is r = 1 and z, Z ∈ {±1}, and the eigenvector that corresponds to the zero eigenvalue points in the r direction.
We now study the correlation between entanglement and the distribution of f p values.
The results for f -vectors with positive components are shown in Fig. 1 . When we plot the minimal distance against the variance of the f -vector the behaviour seems random, except for the fact that all the values occur within a wedge that broadens towards increasing variance.
In order to get more precise information on how the variance and geometrical entanglement are related we looked at f -vectors for which the coefficients lie on Gaussian-like distributions of increasing width centered around p = 2. The resulting values are given by the red dots in Fig. 1 . The red point at the upper right is the Dickie[p = 2] state which corresponds to f = (0, 0, 1, 0, 0), and the red point at the far left is the vector f = (1, 1, 1, 1, 1 ).
As shown in Fig. 2 , the p = 2 state is the most entangled [3] . Fig. 1 indicates that, as expected, adding mixtures of other p's to the most entangled Dickie state decreases entanglement. It is interesting that for a given variance, the maximum entanglement is achieved by the symmetric (gaussian) distribution peaked around p = 2 with the same variance. That is, the red line is the upper boundary for the wedge in Fig. 1 .
The green dots were generated by choosing the components of f to lie on an inverted Gaussian, with minimum at p = 2. There is again a correlation between the entanglement entropy and the amount of most entangled (p = 2) Dickie state in the mixture, but the plot is more complicated in this case. We speculate on the reason: in general adding more of the p = 2 state would tend to increase the entanglement. In addition, one would expect that a larger variance in the f p would also have this effect by moving the target state further from the space of product states. For the red line these two effects (adding more p = 2 and increasing the variance) combine constructively, while in the green data, the variance increases as more p = 2 state is added, so the effects cancel to some extent. There is however additional interesting structure in the distribution that we do not as yet understand.
The orange dots correspond to target states whose f -vectors are asymmetric Gaussians that peak at either one side or the other (no difference). The general trend is similar to the symmetric inverted Gaussian: as Gaussian spreads and the variance decreases and one gets more contribution from the p = 2 state. The former tends to decrease the entanglement while the latter tends to increase it. The net effect is more random than for the inverted Gaussian. 
IV. SYMMETRY OF EVEN (ODD) QUBITS
In this section, we consider target states that are invariant under interchange of any pair of even qubits and/or odd qubits. That is, any pair of Alice, Charleen, Ellen, Gertrude,...
can interchange qubits, and any pair of Bob, David, Fred, Harry,... can interchange qubits, without changing the target state. We assume that the closest product state has the same symmetry. The product state has the form
We note here that a related (though distinctly different) notion of translationally invariant states was considered in [9] , where the authors gave a counterexample to the symmetry ansatz: for the target state |ψ = 1 √ 2 (|0101 + |1010 ), the closest separable states are the non-translationally invariant states |0101 and |1010 . However, if one considers |ψ as symmetric under even (odd) qubit swaps, these closest separable states are in fact also symmetric under even (odd) qubit swaps, and so the counterexample to translationally invariant symmetry in [9] is simply an example of even (odd) symmetric states.
As in (20), we define
We consider a 'W-like' state of the form (see (9) )
with
Here we assume the number of qubits q is even, which is not relevant when q → ∞. Substituting into the distance measure we obtain:
Solving the Z equation of motion immediately we find that the distance can be written
Minimizing the distance is equivalent to maximizing the quantity in the square root, which can be separated into two pieces, one of which does not depend on z a or z b . Writing the result in terms of the angles θ a and θ b we obtain C = P 1 P 2 (65)
We see that C is maximized when the cosine equals plus or minus one:
Once again, the equation of motion for the variables which give the normalization of the product state qubits (N a and N b ) are decoupled from the other equations of motion, and therefore we work from this point on with normalized product states. Setting N a = N b = 1
and differentiating with respect to r a and r b the expression for C obtained using (68), we obtain:
Solving these equations gives
and the critical distance is 
where the parameters f and m can be anything that satisfy the normalization condition 
In Fig. 3 we show the minimal distance squared as a function of f . The most entangled state is the W state. 
V. CONCLUSIONS
We have calculated the geometrical entanglement for two types of multi-partite states that have not been previously treated in the literature. The first, a linear combination of Dicke states, describes a family of target states with a potentially large number of parameters for which the entanglement can be accurately calculated using a combination of analytic and numerical methods. The second is a one parameter family of target states that are invariant under the interchange of any pair of even and/or odd qubits.
Ultimately one would like to understand quantitatively the behaviour of the geometrical entanglement for large numbers of qubits. This is difficult to calculate in general so that previous work has necessarily focused on either small numbers of qubits or a high degree of symmetry to reduce the number of parameters. Our studies extend the calculable parameter space in an interesting and non-trivial way. For the mixture of Dicke states we found evidence as expected for correlations between the distribution of coefficients and the entanglement, but there is also a great deal of interesting structure that requires further investigation.
